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Theory of the temperature—concentration phase diagrams of
lyotropic liquid crystals
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A phenomenological approach to the description of temperature—concentration phase diagrams
in lyotropic liquid crystals is proposed. It is based on the coupling of the power expansions
associated with the concentration variable, and the symmetry-breaking order parameters.
Illustrative, working and real, examples of phase diagrams found in lyotropic systems are

discussed.

1. Introduction

Lyotropic liquid crystals contain at least two com-
ponents, one of which is a solvent and the other is
formed by surfactant molecules having a hydrophilic head
group and hydrophobic alkyl chain tail(s) [1]. The mixing
of the two components may induce the spontaneous
formation of structures showing high degrees of positional
and orientational order, which are accessed by changing
the concentration of surfactant and the temperature.
The temperature—concentration phase diagram of a two-
component surfactant—solvent system has generally a
multi-eutectic topology [2], each phase displaying an
optimal concentration and well-defined peaks in the phase
diagram. A typical phase diagram contains isotropic
(molecular, micellar or bicontinuous) phases, as well as
anisotropic phases, e.g. with a lamellar, cubic, hexagonal,
etc...or nematic ordering, and eventually the corres-
ponding reversed phases, which are formed by inverted
micellar aggregates [1,2]. Two adjacent phases are in
most cases separated by a two-phase region of coexist-
ence, i.e. by first order transitions [ 1]. There are a few
exceptions, such as the uniaxial and biaxial nematic or
cholesteric phases which are separated by second order
transition lines [ 3].

Theoretical approaches to lyotropic liquid crystal
systems have focused on specific regions of their phase
diagrams in which the phases can be related by a unifying
structural mechanism [4—-67. But there has been, to our
knowledge, no attempt to describe theoretically the variety
of topologies found for the temperature—concentration
phase diagrams of lyotropic mixtures, in a compre-
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hensive way. This is due, on the one hand, to the com-
plexity of the phase diagrams, but also to the intrinsic
difficulty of taking into account simultaneously the
effects of the temperature and concentration variables,
which give rise to transformation mechanisms of different
natures: (1) symmetry breaking transitions which are often
of the reconstructive [ 7, 8] type; (2) concentration driven
transformations [9] which result in phase separation,
without symmetry change.

2. Theory

The aim of this paper is to show, in the case of a two-
component lyotropic system, that an overall description
of the corresponding temperature—concentration phase
diagrams can be performed in the framework of a
generalized Landau-type approach, in which the free
energy of the system is expressed in functions of a
variational concentration parameter and of the sym-
metry-breaking order parameter(s). Let us introduce
the basic ingredients of our model through working
examples of temperature—concentration phase diagrams
of lyotropics. We consider first a lyotropic mixture
formed by a solvent (W) and a surfactant (S), involving
only isotropic molecular and micellar solutions, denoted
respectively (W, S) and (W + S). We take as the concen-
tration variable the dimensionless quantity p = x5 — Xw,
where xg =[S]/[S]+ [W] and xw =1 — xg, the brackets
[]1 designating the molar fraction. The free energy
density of the mixture can be written as @(Au, T)=
Fs(p, T)— Aup, where Fg(p, T) is the Helmholtz free
energy per mole and Ay is the chemical potential con-
jugated to Np, where N is the total number of moles
in the system. The equilibrium line separating two
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different lyotropic phases, denoted 1 and 2, is obtained
analytically by the common tangent construction method
proposed by Gibbs [10], which consists in expressing
simultaneously the equality of the chemical potentials
(Apy = Ap,) and the effective free energies [@(Aw,, T) =
@(Au,, T)]. This yields the equations:

(5)-(5)
ap )i op ),

Fo(pi)— p1 % =Fs(p2)— p2 % (2)
8p 1 ap 2

(1)

and

where p, and p, refer to the respective concentrations
in phases 1 and 2. Solving equations (1) and (2) at
constant chemical potential for each temperature and
concentration requires explicit knowledge of the form of
Fs(p, T). In contrast to the standard form used for Fg,
which is expressed in terms of the free enthalpy for each
component and of the entropy of mixing, we shall assume
that F(p, T) can be written as a power expansion of p,
of degree P:

Fop.T)=T=Te) 2y 5 @

where the a, are constant phenomenological coefficients,
and T, is the temperature corresponding to p =0 on the
equilibrium line between phases 1 and 2. Figures 1 (a),
1(b) and 1(c) represent three among the phase diagrams
obtained by solving equations (1) and (2) using specific
forms of F(p, T). Thus, the phase diagram of figure 1 (a)
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is obtained for P =4, a; <0 and a, > 0. It represents the
equilibrium line between the molecular and micellar
isotropic phases, which has a maximum at the critical
point C determined by the condition &*Fg/ép® = 0. For
low and high concentrations, the line is bounded by
the direct and reversed critical micellar concentrations
(CMC and CMC'), the direct and reversed micellar
regions forming a continuum. A different situation occurs
in the phase diagram shown in figure 1(b) which is
associated with a potential Fs expanded around the
eutectic concentration pg:

(I —Tg)

Folp—pe,T)= 5 (p—pe)
+ 2 e P4
T =Pl Fo=pe) (@)

where Tg is the eutectic temperature. Here, a; and a, are
divalent coefficients, i.e. a5 coincides with the two values
of opposite signs taken by the slopes of T(p) at p = pg.
In the same way the two values taken by a, are deter-
mined by the slopes of T'(p) for p = pcuc and p = pemer-
In the phase diagram of figure 1(b) the direct and
reversed micellar phases do not overlap, and meet at the
eutectic point E, at which the solution crystallizes. More
complex phase diagrams are obtained within the same
approach by using higher degree expansions of Fg(p, T).
The phase diagram shown in figure 1(c) corresponds to
a fifth degree expansion of Fg around p = pg. It contains
both a critical point C (p. being determined by one of
the roots of the equation &’ Fs/0p® =0) and a eutectic
point E. a; is again a divalent coefficient representing
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Figure 1.

Working examples of temperature-concentration phase diagrams in lyotropic systems. The different figures (a) to (e) are

described in the text.
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the slopes of T(p) at p = pg. The univalent coefficients
a,;<0 and as>0 are fixed by the slopes of T(p) at
P = pemc and p = peyer-

For the description of liquid crystalline (anisotropic)
lyotropic phases, one needs to take into account sym-
metry-breaking order parameter(s). Assuming a single
component order parameter n associated with a trans-
ition from the isotropic molecular or micellar mixture
to a homogeneous liquid crystalline lyotropic phase,
denoted a, the general form of the corresponding Landau
expansion, truncated at the degree P’ is:

(T_Tc) 2 r Om m
Fiin, T)= 7 + 2 — (5)
m=3 m

where T, is a critical temperature and the o, are constant
phenomenological coefficients. Therefore the total free
energy which includes the p and # variational parameters
can be written as:

(6)

and

For(p,n)=00upn*+ d2p’n*+ ..+ 6,,0"n™  (7)

is the coupling free-energy, the J;; being constant
coupling coefficients.

Let us illustrate the procedure which allows con-
struction of the phase diagram associated with a given
free energy by considering the working example with

(T_ TO) 2 ay
_— J’_ —_
Py

,04
(T - Tc)

+
2

o
n+ fn“r Sapn®  (8)

in which the cubic p-invariant o;/3 p° has been elimi-
nated by redefining the zero of p and the coefficients
A, (T — T,)and a, [9]. Minimizing the sum F(p, n, T) =
Fo(p,T)=F.(n, T)+ FsrL(p,n) with respect to #, at
given p, one gets the equation of state:

n(T — T+ 6147’154‘ 20,,p)=0 )
and the stability condition:
T—T.+ 26,p+ 30,n7=0 (10)

where 7, denotes the equilibrium value of 1. Equations
(9) and (10) show that for T =T, —26,,p =T,(p), one
has n. =0 and:

T, , a4 ,
+ — 11
Pt (11)

T
F(p,n.,T)=

whereas for T < T, (p) one obtains: . =+ [ (T;(0)— T)/os ]"?
and:

(T_Tc)2 512(T_Tc)
4oy N
(Ir—-Ts)

ay
"
2 Py

F(pine, T)=— p

p’ (12)

with T, =T,+ 26{,/0,. The common tangent con-
struction may then be applied to the minimized functions
defined by equations (11) and (12), ie. by solving
equations (1) and (2) for the two phases which are stable
above and below the critical line T =T, (p). Figure 1 (d)
shows the resulting phase diagram, for which the con-
ditions d;, >0, and T, < T, have been assumed. The phase
diagram is divided into two regions of similar topologies
located on the right and left hand sides of the line of
equal concentrations p(T)=0. Above T =T,(p), where
equation (11) holds, two isotropic molecular phases are
separated by the isotropic micellar phase; this is bounded
by an equilibrium line, the maximum of which coincides
with the point of equal concentration p.(T,) =0. The a
and o phases are direct and reversed ordered lyotropic
phases, with the same macroscopic symmetry, deter-
mined by the symmetry of the order parameter 5. Their
lowest limits in temperature coincide with the eutectic
points E and E’, at which merge the equilibrium lines
bounding a direct micellar W+ S+ a (or reversed
micellar S+ W+ o) region of coexistence and a region of
coexistence of the a (or o) phase, with a phase denoted
WS. In this phase, which is stabilized for p(T)=0 (and
can therefore be observed only in the demixing regions
of coexistence with the o and o' phases), one has an
equal amount of direct and reversed micelles.

More complex phase diagrams can be obtained by
the same procedure considering higher degree expan-
sions in p and #, or higher degree couplings. Figure 1 (e)
represents the phase diagram associated with the total
free energy:

To) 2

DA T)=—A N it} PR SESE
u, up TR A

4

de 6
+_
PP

(T B Tc)
2

o
+ 0+ 241144- S0+ 622071

(13)

It contains three ordered lyotropic phases (o, o and B)
having the same geometry. The o phase may represent,
for example, a lamellar phase with thin W layers and
thick amphiphilic layers. The o' phase has the inverted
geometry, and the B phase may present a smectic-type
layer periodicity requiring equivalent amounts of W and
S. The phases are separated from the molecular solution
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by cigar-shaped regions of coexistence, and bounded
at low temperature either by regions of coexistence of
micellar solutions with the B phase, or by eutectic points
(E and E').

3. Real mixtures

The procedure for construction of the phase diagrams
presented above allows a systematic description of the
phase diagram topologies found in real lyotropic mix-
tures. We shall illustrate this point by discussing two
specific examples of phase diagrams found in lyotropics.
We first consider the phase diagram exhibited by the
sodium laurate—water system [ 11, 127, which is shown in
figure 2 (a). It has an almost double eutectic shape with
three anisotropic lyotropic phases (lamellar L, inter-
mediate rectangular R,, and hexagonal H,) separated
from the isotropic micellar solution by biphasic regions
of coexistence.

The phenomenological description of the phase
diagram of figure 2(a) can be made as follows. Firstly, the
equilibrium T'(p) curve, separating the isotropic micellar
region from the ordered lyotropic phases, displays two
maxima with an intermediate eutectic-type minimum. A
power expansion of T'(p) should therefore be at least of

the third degree in (p — pg), and Fg(p — pg, T') has to be
at least of the fifth degree in (p — px):

(T —Tg) 5, A3 3
FG(p—pE,T)=—2 (p—pe)+ g(p—pﬁ)
da iy & sS4
+ 4(p—pE)+ 5(p—pE)- (14)

Simple analytical considerations deduced from the
common tangent construction method, then show that
(8T/8p)p:pE= —a,, i.e. as is a divalent coefficient, the
values of which are determined by the slopes of T(p) on
the right and left hand sides of p =pg. The effective
values of a, and a5 are given by the values of the tangent
to the T(p) curve at p = pnin and p = pna.x- The critical
points C and C’ correspond to the concentrations
Pecr = —ay/3as + (4421/905 — a3 /3as )1/2~

A second step consists in determining the symmetry-
breaking order parameters which describe the transitions
from the isotropic micellar solution to the L,, H,
and R, phases. For that purpose, one has to take the
following into consideration [137]. (i) The isotropic
(O(3))-lamellar (D) transition is depicted by one pair
of wave-vectors k., with |k,|=mn/d, where d is the

A 4
350 b
(a) (b) (c)
300
Isotropic AT & Isotropic
250 Micellar Micellar
Solution Solution
(W+8)
200 Lo
Y,
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150
100 R,  Ha V3
1 1 w
P————— %
50 P , 81,
0 25 50 75 100 S-Pun PueW S w
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4 \ A
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1 !
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g H H,
Y P
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Figure 2. TIllustrative examples of experimental temperature-concentration phase diagrams in lyotropic systems. The different
figures (a) to (f) are described in the text.
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period along the normal to the lamellae. The two non-

vanishing components of the corresponding infinite-

dimensional order parameter fulfil the equilibrium con-

dition #, . =mn,- =, which yields the effective free-energy:
O3 3 Oy

T—-T,
grf—i——r] +Zr]4. (15)

Flen, T)=
(n,T) 7 3

(i1) The two dimensional cylindrical mesophases H,, and
R, require two pairs of wave-vectors [13] +k; and +k,
with [k, | = |k, |. One gets hexagonal (P6m) or C-centred
rectangular (Cmm) two-dimensional space groups for,
respectively, an angle y between k; and k, of 120° or
90°. In both cases the four non-vanishing components
of the order parameters associated with the isotropic-
to-H, and isotropic-to-R, transitions fulfil the equili-
brium conditions {; ={, ={; ={, = for the H, phase
(and ¢} =, = =, ={ for the R phase). The corres-
ponding effective free energies F' ({, T) and F* ({, T)
have the same form given by equation (15), n being
substituted by { (or (') and T, by T (or T?). Accordingly,
the total effective free energy to which the phase diagram
of figure 2 (a) is associated is:

@(A,Ll, Tl) = _A/’tp+ FG(pa T)+ FLa(”Ia T)+ FHa(Ca T)
+ F* (0 T+ plown® + 0,0+ 6507
+ o CF P+ s R (16)

The theoretical phase diagrams associated with the
preceding free energy, which reflect most closely the
experimental phase diagram of figure 2(a) are shown in
figures 2(b) and 2(c). The two phase diagrams possess
the same features except: (a) the transition between the
H, and R, phases is found theoretically to be possibly
second order; (b) the shape of the ‘curd’ region has to be
fitted by assuming a smooth dependence on temperature
for some of the phenomenological coefficients.

As a second example let us consider the experi-
mental phase diagram found in the sodium myristate—
water system [14] (or with a very similar topology in
many alkali soap—water systems [15]) and shown in
figure 2(d). It has a marked bieutectic shape that requires
at least a sixth degree expansion of Fs(p, T), figure 2 (c),
and differs from the phase diagram of figure 2 (a) in two
respects. First, by the absence of the intermediate R,
phase. Second, by the fact that the lamellar region is sub-
divided into three distinct phases (L,, L;, L;). Hence, the
same Landau expansion F La(r], T) given by equation (15)
can be used for the three phases, but it has to be
expanded up to the eighth degree in #, in order to account
for the isostructural L)—L, transition, figure 2(f).

4. Summary

A phenomenological approach to the temperature—
concentration phase diagrams of lyotropic liquid crystals
has been described, and shown to apply to experimental
examples of lyotropic systems. It is based on the coupling
of two types of variational parameters and free energies.
First, a concentration variational parameter p whose
corresponding free energy Fg(p, T) is a power expansion
of p. Fs(p, T) accounts for the transitions between iso-
tropic phases, as well as for the equilibrium T(p) curve
bounding the liquid crystalline region. Secondly, symmetry-
breaking order parameter(s) corresponding to standard
(Landau) free energies which depict the transition(s)
form the isotropic micellar phase to the anisotropic
liquid crystalline lyotropic phases. Increasing the number
of surfactants or (and) solvents does not modify in an
essential manner the method described here but increases
the number of equations to be solved simultaneously.

The Fundagdo de Amparo a Pesquisa do Estado de
Sdo Paulo supported this work.
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